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Abstract We study the effects associated with nonlinearity
of f (R) gravity and of the background perfect fluid mani-
fested in the Kaluza-Klein model with spherical compacti-
fication. The background space-time is perturbed by a mas-
sive gravitating source which is pressureless in the external
space but has an arbitrary equation of state (EoS) parame-
ter in the internal space. As characteristics of a nonlinear
perfect fluid, the squared speeds of sound are not equal to
the background EoS parameters in the external and inter-
nal spaces. In this setting, we find exact solutions to the lin-
earized Einstein equations for the perturbed metric coeffi-
cients. For nonlinear models with f ′′(R0) 6= 0, we show that
these coefficients acquire correction terms in the form of two
summed Yukawa potentials and that in the degenerated case,
the solutions are reduced to a single Yukawa potential with
some “corrupted” prefactor (in front of the exponential func-
tion), which, in addition to the standard 1/r term, contains a
contribution independent of the three-dimensional distance
r. In the linear f ′′(R) = 0 model, we generalize the previous
studies to the case of an arbitrary nonlinear perfect fluid. We
also investigate the particular case of the nonlinear back-
ground perfect fluid with zero speed of sound in the external
space and demonstrate that a non-trivial solution exists only
in the case of f ′′(R0) = 0.
1 Introduction
Remaining within the framework of the standard four-di-
mensional General Relativity and the Standard Model of
particle physics, it still has not been possible to satisfacto-
rily solve a number of fundamental problems such as the
dark energy and the dark matter problem and neither to unify
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all fundamental interactions into a single theory. A possible
way to settle these problems consists in modifying the The-
ory of General Relativity and among such attempts, nonlin-
ear f (R) theories [1–6] and theories with extra dimensions
[7–11] have gained particular popularity.
It is indeed appealing to study models which combine
both approaches, in other words, to consider nonlinear f (R)
models in multidimensional space-time. As regards the cos-
mological aspects, such models were investigated in [12–
18], where the authors focused mainly on the problems of
internal space stabilization, early and late time accelerated
expansion of the Universe and dark matter in the form of
gravexcitons/radions. To be viable candidates, these mod-
els are required to satisfy the gravitational tests carried out
in the Solar system, viz., the deflection of light, time delay
of radar echoes and perihelion shift. Strictly speaking, the
parametrized post-Newtonian (PPN) parameter γ obtained
for these models must be in concordance with the constraints
imposed by such experimental data. For multidimensional
models, the astrophysical setting is the most appropriate to
study these effects [19–21], as it is also for the General Rel-
ativity (see, e.g., [22]). In this setting, the static background
metric defined on the product manifoldM=M4×Md (where
M4 describes external four-dimensional flat space-time and
Md corresponds to the d-dimensional internal space) is per-
turbed by a compact gravitating mass and then, the perturbed
metric coefficients are investigated in the weak field limit.
The above mentioned approach with respect to the
multidimensional nonlinear f (R) models was applied in
[23, 24], where the extra dimensions were toroidally
compactified and hence, the internal space was not
curved. One of the main features of this model, brought
about by nonlinearity, is that the metric coefficients
receive correction terms in the form of the Yukawa
potential. The corresponding Yukawa mass reads [23]
mscal = [−(D−1) f ′(R0)/(2Df ′′(R0))+R0/D]1/2, where D
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2denotes the number of spatial dimensions, R0 denotes the
background value of the scalar curvature (R0 = 0 in the case
of flat background space-time) and the prime denotes differ-
entiation with respect to R. Such massive scalar degree of
freedom (dubbed scalaron in [25]) is known to be a charac-
teristic feature of the nonlinear models (see, e.g., [2, 26–
29]). In papers [23, 24], a point-like matter source is as-
signed dust-like equation of state (EoS) in our external space
and some arbitrary EoS parameter Ω in the internal space.
The nonzero negativeΩ (i.e., tension in the internal space) is
then found to be the necessary condition for the PPN param-
eter γ to satisfy the experimental constraints. The particular
value Ω = −1/2, which is the black brane/string condition
[20, 21], presents an interesting case, since gravitating mat-
ter sources in the form of black branes/strings do not destroy
the stabilization of the internal space [20, 21, 30].
As indicated previously, in multidimensional nonlinear
f (R)models considered in [23, 24], both the internal and ex-
ternal background spaces are flat. Namely, background mat-
ter is absent. To make the background curved, one needs
to introduce a background perfect fluid. The linear multi-
dimensional models with spherical compactification of the
internal space were considered in [31–35]. It was shown
that the background matter responsible for the internal space
curvature has the vacuum-like EoS parameter ω¯0 = −1 in
the external space and some positive EoS parameter ω¯1 > 0
in the internal space. It is known [36] that (i) monopole
form fields and the Casimir effect can produce such EoS
and (ii) this form of matter stabilizes the internal space (see
also [31, 34]). In linear models with spherical compactifi-
cation, corrections to the metric coefficients caused by the
gravitating mass acquire the form of the Yukawa potential
with the Yukawa mass defined by the radius a of the sphere:
mrad∼ 1/a. This scalar degree of freedom (so-called gravex-
citons/radions [36, 37]) is a result of the variations in the in-
ternal space volume. It was demonstrated in [31, 34] that this
Yukawa mass and the gravexciton/radion mass are, indeed,
exactly equal to each other. For the PPN parameter γ to be in
agreement with experiments, either the Yukawa mass should
be sufficiently large, or for some arbitrary Yukawa mass, the
EoS parameter should take on the value Ω =−1/2.
What happens now if we consider nonlinear f (R) mod-
els with spherical compactification of the internal space?
How do scalar degrees of freedom associated with the non-
linearity of the model and with internal space fluctuations
compete with each other? This is the main subject of the
present paper. We also suppose that the background perfect
fluid is nonlinear, i.e., the background parameters ω¯0 and
ω¯1 of the EoS in the external and internal spaces are not
equal to the squared speed of sound in these spaces. The
linear model f (R) = R with spherical compactification and
nonlinear background perfect fluid was considered in [38].
Now, we generalize the study for some arbitrary function
f (R). First, we obtain the system of linearized equations for
perturbations of the metric coefficients. This system has a
rather complicated form, but to our surprise, it appears to be
exactly solvable for the arbitrary f (R). In the most general
case with the condition f ′′(R0) 6= 0, the correction terms to
the metric coefficients are found as a combination of two
Yukawa potential terms. The associated Yukawa character-
istic masses µ1,2, however, are neither equal to mscal and
mrad, nor may be expressed as a simple combination of them.
Therefore, the relationship between these masses and µ1,2
is investigated in the relevant limiting cases. For complete-
ness, we also generalize the linear model f (R) = R+2κΛ6
previously considered in [31–33] to the case of an arbitrary
nonlinear background perfect fluid.
The paper is structured as follows. In section 2, we de-
scribe the background model which is perturbed by the mas-
sive gravitating source. Here, we derive the system of lin-
earized Einstein equations for the perturbed metric coeffi-
cients. This system of equations is solved for nonlinear mod-
els with f ′′(R0) 6= 0 in section 3. Then, another particular
case, f ′′(R0) = 0 with nonlinear perfect fluid is investigated
in section 4. In section 5, we study the case ω0 = 0 of the
nonlinear perfect fluid, viz., zero speed of sound in the ex-
ternal space. In the concluding section 6 we summarize the
obtained results. In Appendix we collect the formulas for the
perturbations of the Ricci tensor which we use to construct
the linearized Einstein equations.
2 Basic equations
It is well known (see, e.g., [12, 13]) that in the case of f (R)
gravity, the Einstein equations take on the form
f ′(R)Rik− 12 f (R)gik− [ f
′(R)];i;k+gik[ f ′(R)];m;ngmn
= κTik , (1)
which is valid for an arbitrary number of space-time dimen-
sions1. In six-dimensional space-time, κ ≡ 2S5G˜6/c4 with
the total solid angle S5 = 2pi5/2/Γ (5/2) = 8pi2/3 and the
six-dimensional gravitational constant G˜6. The trace of this
equation reads
f ′(R)R−3 f (R)+5[ f ′(R)];m;ngmn = κT , (2)
where T = gmnTmn stands for the trace of the energy-mo-
mentum tensor (EMT). From this point on, we fix the num-
ber of space-time dimensions to six.
1It is well known that f (R) theories are equivalent to scalar-tensor
gravity (see, e.g., [1–3]). Thus, the dynamical equations (e.g., Eq. (1))
can also be reformulated accordingly. In the present paper, however,
we do not make use of this equivalence and to compare our findings
with the previous results obtained in papers [23, 24], proceed within
the framework of the original f (R) theory instead.
3In the background, we consider a factorized six-dimen-
sional metric
ds2 = c2dt2−dx2−dy2−dz2−a2(dξ 2+ sin2 ξdη2) , (3)
defined on the product manifold M = M4×M2 where M4
is the external/our four-dimensional flat space-time and M2
describes the internal two-dimensional space, which is a
sphere of radius a = const . For the metric (3), the only
nonzero components of the Ricci tensor are R(0)44 = 1, R
(0)
55 =
sin2 ξ and the scalar curvature R0 =−2/a2. It is worth men-
tioning that the minus sign in the latter formula follows from
the metric adopted here as well as the sign convention for
curvature (as in the book [22]).
We suppose that the metric (3) corresponds to the back-
ground matter with the EMT(
T ik
)(0)
= diag(ε¯,−p¯0,−p¯0,−p¯0,−p¯1,−p¯1) , (4)
where ε¯ is the background energy density and p¯0(p¯1) is the
background pressure in the external (internal) space. It is
thus this matter that curves the background geometry. Again,
at the background level, Eqs. (1) and (2) take on the form
f ′(R0)R
(0)
ik −
1
2
f (R0)g
(0)
ik = κT
(0)
ik , (5)
and
f ′(R0)R0−3 f (R0) = κT (0) , (6)
respectively. From Eq. (5), we obtain the set
−1
2
f (R0) = κε¯ , (7)
1
2
f (R0) = κ p¯0 , (8)
f ′(R0)+
a2
2
f (R0) = κ p¯1a2 , (9)
which implies the following definition for the background
EMT:
T (0)ik =
{
g(0)ik ε¯ for i,k = 0, ..,3;
−g(0)ik p¯1 for i,k = 4,5 .
(10)
These equations demonstrate that the background EoS pa-
rameter in the external space ω¯0 ≡ p¯0/ε¯ = −1. In order
to get the expression for the background EoS parameter
ω¯1 ≡ p¯1/ε¯ in the internal space, the form of f (R) should
be specified. Plugging in (7)-(10), one may also verify that
Eq. (6) is immediately satisfied.
Now, we perturb the background model by a static
point-like massive source smeared over the internal space
with mass density ρˆ(r) = mδ (r)/Vint, where r = |r| =√
x2+ y2+ z2 and the internal space volume Vint = 4pia2.
Since we suppose that this gravitating mass simulates an
ordinary astrophysical object, e.g., our Sun, with pressure
much less than the energy density, it has the dust-like EoS in
the external space. Pressure in the internal space, however, is
arbitrary with the EoS parameter Ω . The only nonzero com-
ponents of the EMT are, then, Tˆ 00 ≈ ρˆc2 and Tˆ ik ≈−δ ikΩρˆc2
for i,k= 4,5. Such type of perturbation preserves the block-
diagonal form of the perturbed metric [31, 35]:
ds2 =
[
1+A1(x,y,z)
]
c2dt2
−[1−B1(x,y,z)](dx2+dy2+dz2)
−[a2−G1(x,y,z)](dξ 2+ sin2 ξdη2) , (11)
where A1,B1 and G1 denote the first-order corrections to the
metric coefficients. In what follows, we consider the per-
turbed values Rik, gik and Tik in the form Aik = A
(0)
ik +A
(1)
ik
with consecutive terms denoting the background values
and first-order perturbations, respectively. By the same rea-
soning, the perturbed scalar curvature is decomposed as
R= R0+R1. As for the function f (R), we get
f (R) = f (R0)+ f ′(R0)R1+O(R21) , (12)
f ′(R) = f ′(R0)+ f ′′(R0)R1+O(R21) , (13)
and Eqs. (1) and (2) accordingly yield
f ′(R0)
(
R(1)ik −
1
2
g(0)ik R1
)
−1
2
f (R0)g
(1)
ik + f
′′(R0)R
(0)
ik R1
+
[
g(0)ik (R1);m;ng
(0)mn− (R1);i;k
]
f ′′(R0) = κT
(1)
ik , (14)
−2 f ′(R0)R1+ f ′′(R0)
[
R0R1+5(R1);m;ng(0)mn
]
= κT (1) . (15)
Here, T (1)ik and T
(1) denote the first-order perturbations of
the total EMT and its trace, respectively. Again, up to the
first order, the EMT of the perturbed background matter
reads
T˜ ik ≈

(ε¯+δε)δ ik for i,k = 0;
−(p¯0+δ p0)δ ik for i,k = 1,2,3;
−(p¯1+δ p1)δ ik for i,k = 4,5
≡ (T ik)(0)+δT ik ,
(16)
indicating(
T ik
)(1)
= δT ik + Tˆ
i
k . (17)
Let us also assume that
δ p0 = ω0δε , δ p1 = ω1δε , (18)
where ω0 and ω1 are constant parameters, which are, gener-
ally speaking, not connected with the background quantities:
ω0 6= ω¯0 andω1 6= ω¯1. Background matter is thus considered
to be some nonlinear perfect fluid and the ratio δ p/δε , re-
ferred to as the squared speed of sound [39], is not equal to
the background EoS parameters in the internal and external
spaces.
In this setting, we now turn to the Einstein equations
(14) and (15), taking into account the expressions for the
4perturbed Ricci tensor components presented in Appendix.
Starting with Eq. (14), from the 00-component we obtain
f ′(R0)
2
(
∆3A1−R1
)− (∆3R1) f ′′(R0) = κ (δε+ ρˆc2) , (19)
where we have also used Eq. (7). The 11-, 22- and 33-com-
ponents yield
f ′(R0)
2
[
∆3B1+
∂ 2
(∂xi)2
(
−A1+B1+2G
1
a2
)
+R1
]
−1
2
f (R0)B1+
[
∆3R1− ∂
2R1
(∂xi)2
]
f ′′(R0)
= κ
(−p¯0B1+δ p0) , i= 1,2,3 , (20)
and using Eq. (9), the components 44 and 55 take on the
form
f ′(R0)
2
(
∆3
2G1
a2
+2R1
)
+ f ′′(R0)
2R1
a2
+2(∆3R1) f ′′(R0)
=− f ′(R0)2G
1
a4
+2κ
(
δ p1+Ωρˆc2
)
. (21)
The mixed 12-, 13- and 23-components read
1
2
f ′(R0)
(
−A1+B1+2G
1
a2
)
xy
− f ′′(R0)∂
2R1
∂x∂y
= 0 , (22)
1
2
f ′(R0)
(
−A1+B1+2G
1
a2
)
xz
− f ′′(R0)∂
2R1
∂x∂ z
= 0 , (23)
1
2
f ′(R0)
(
−A1+B1+2G
1
a2
)
yz
− f ′′(R0)∂
2R1
∂y∂ z
= 0 , (24)
and in fact, translate into the relation
1
2
f ′(R0)
(
−A1+B1+2G
1
a2
)
− f ′′(R0)R1 = 0 , (25)
once we employ the boundary condition that the metric co-
efficients A1,B1 and G1, as well as the scalar curvature R1,
should tend to zero in the limit r → ∞. We note here that
in the linear model with f ′′(R0) = 0, (25) is reduced to its
counterpart obtained in papers [31, 32].
Using this relation and Eq. (8), we re-express (20) as
f ′(R0)
2
(
∆3B1+R1
)
+(∆3R1) f ′′(R0) = κδ p0 . (26)
Combining Eqs. (19), (21), (26) and again, employing
the relation (25), we obtain
5 f ′′(R0)(∆3R1)+2 f ′(R0)R1+
2
a2
f ′′(R0)R1
= − f ′(R0)2G
1
a4
+κ
[−δε+δ p0+2δ p1− ρˆc2(1−2Ω)] .
(27)
On the other hand, the trace equation (15) reads
− 2 f ′(R0)R1+ f ′′(R0)(R0R1−5∆3R1)
= κ
[
δε−3δ p0−2δ p1+ ρˆc2(1−2Ω)
]
, (28)
and added to (27), reveals the relation between G1 and δ p0:
δ p0 =− f
′(R0)
κa4
G1 . (29)
Before going further, we make two remarks. First, in the
case f ′′(R0) = 0, f ′(R0) = 1 (corresponding also to the lin-
ear model f (R) = R+2κΛ6) and for linear background per-
fect fluid characterized by ω0 = ω¯0, ω1 = ω¯1, Eqs. (19),
(21), (26) and (28) are reduced to the system of equations
(22)-(24) investigated earlier in [32]. Therefore, in what fol-
lows, we demand f ′′(R0) 6= 0 except for the two particular
cases considered in sections 4 and 5.2. Second, given the
form of the above equations, we should also demand that
f ′(R0) 6= 0. In fact, even the tighter constraint of f ′(R0)> 0
must be imposed so that the graviton is not a ghost [2, 40].
Now, we have a system of Eqs. (19), (21) and (26) as
well as relations (25) and (29). From Eq. (29) and definitions
(18), we get
δε =− f
′(R0)
κa4
1
ω0
G1 , δ p1 =− f
′(R0)
κa4
ω1
ω0
G1 , ω0 6= 0 ,
(30)
which, when substituted into (19), (21) and (26) together
with the expression for δ p0 from (29), yield
f ′(R0)
2
∆3B1 +
f ′(R0)
2
R1+ f ′′(R0)∆3R1+
f ′(R0)
a4
G1 = 0 ,
(31)
f ′(R0)
2
∆3A1− f
′(R0)
2
R1− f ′′(R0)∆3R1 + f
′(R0)
a4
1
ω0
G1
= κρˆc2 , (32)
f ′(R0)
2a2
∆3G1 +
f ′(R0)
2
R1+
f ′′(R0)
a2
R1+ f ′′(R0)∆3R1
+
f ′(R0)
a4
(
1+
ω1
ω0
)
G1 = κΩρˆc2 . (33)
In the next steps, we proceed to solve the system (31)-(33)
together with the relation (25) for the functions A1, B1, G1
and R1.
3 Generic model: f ′′(R0) 6= 0, ω0 6= 0
Throughout this section, we study the case of f ′′(R0) 6= 0
(where the linear model with respect to the function f (R)
is excluded) for arbitrary values of the EoS parameters ω0
and ω1. In general, these parameters are not equal to the
background values ω¯0 and ω¯1, hence, we assume a nonlinear
perfect fluid. Additionally, in agreement with Eq. (30), the
equations to be solved are valid only for ω0 6= 0.
In attempt to solve the set (31)-(33) and (25) for the
functions A1, B1, G1 and R1, we make use of the Fourier
transform
f (x,y,z) = (2pi)−3/2
∫
R3
dkeikr f˜ (k) . (34)
5Provided also that the previously introduced delta-
shaped matter source is smeared over the internal space, i.e.,
ρˆ = mδ (r)/Vint, the resulting equations read
− f
′(R0)
2
k2B˜1+
f ′(R0)
2
R˜1− f ′′(R0)k2R˜1+ f
′(R0)
a4
G˜1
= 0 ,
− f
′(R0)
2
k2A˜1− f
′(R0)
2
R˜1+ f ′′(R0)k2R˜1+
f ′(R0)
a4
1
ω0
G˜1
= κ
mδ˜ (k)
Vint
c2 ,
− f
′(R0)
2a2
k2G˜1+
f ′(R0)
2
R˜1+
f ′′(R0)
a2
R˜1− f ′′(R0)k2R˜1
+
f ′(R0)
a4
(
1+
ω1
ω0
)
G˜1 = κΩ
mδ˜ (k)
Vint
c2 ,
1
2
f ′(R0)
(
−A˜1+ B˜1+2 G˜
1
a2
)
− f ′′(R0)R˜1 = 0 . (35)
Given the relation δ˜ (k) = (2pi)−3/2, the solutions A˜1(k)
and B˜1(k) in the Fourier space are
A˜1(k) =
(α1A/α4)k4+(α2A/α4)k2+(α3/α4)
k2 [k4+(α5/α4)k2+(α6/α4)]
,
B˜1(k) =
(α1B/α4)k4+(α2B/α4)k2+(α3/α4)
k2 [k4+(α5/α4)k2+(α6/α4)]
, (36)
where we have introduced the set of coefficients
α1A ≡ κ ′
[
4 f ′′(R0)a4ω0(2+Ω)
]
,
α1B ≡ κ ′
[
2 f ′′(R0)a4ω0(1−2Ω)
]
,
α2A ≡ κ ′
{
4 f ′′(R0)a2 [Ω(2+ω0)−2ω1−2ω0]
− f ′(R0)a4ω0(3+2Ω)
}
,
α2B ≡ κ ′
{
4 f ′′(R0)a2 [Ω(1+2ω0)−ω1]
− f ′(R0)a4ω0(1−2Ω)
}
,
α3 ≡ −κ ′
{
2 f ′(R0)a2 [Ω(1+ω0)−ω1]+4 f ′′(R0)ω0
}
,
(37)
and
α4 ≡ −5 f ′′(R0) f ′(R0)a4ω0 ,
α5 ≡ 2a2 f ′(R0)
[
a2 f ′(R0)ω0+ f ′′(R0)(1+3ω0+3ω1)
]
,
α6 ≡ f ′(R0)
×[2 f ′′(R0)(ω0−1)−a2 f ′(R0)(1+ω0+2ω1)] ,
(38)
together with κ ′ ≡ (2pi)−3/2V−1int κmc2. For G˜1(k) and R˜1(k),
the solutions have the form
G˜1(k) =
(α1G/α4)k2+(α2G/α4)
k4+(α5/α4)k2+(α6/α4)
,
R˜1(k) =
(α1R/α4)k2+(α2R/α4)
k4+(α5/α4)k2+(α6/α4)
. (39)
The coefficients α1G and α1R may be expressed in terms of
α1A and α1B as
α1G ≡
(α1A
2
−α1B
)
a2, α1R ≡− f
′(R0)
f ′′(R0)
(α1B
2
)
, (40)
and the remaining two coefficients in (39) read
α2G ≡ −κ ′
[
2 f ′′(R0)a4ω0+ f ′(R0)a6ω0(1+2Ω)
]
,
α2R ≡ κ ′
{
2 f ′(R0)a2 [Ω(ω0−1)+ω0+ω1]
}
. (41)
It is worth noting that the conditions f ′(R0) 6= 0,
f ′′(R0) 6= 0, and ω0 6= 0 herein require α4 6= 0.
3.1 Different roots: µ1,µ2 > 0, µ1 6= µ2
In this subsection we consider the case when the polynomial
k4+(α5/α4)k2+(α6/α4) =
(
k2+µ21
)(
k2+µ22
)
, (42)
has two distinct negative roots k2 = −µ21 and k2 = −µ22 .
Given the quadratic form of these roots, without loss of gen-
erality, we may choose to proceed with the positive values:
µ1,µ2 > 0 .
After some algebra, the functions (36) and (39) can be
cast into the form
A˜1(k) =
β1A
k2+µ21
+
β2A
k2+µ22
+
β3
k2
,
B˜1(k) =
β1B
k2+µ21
+
β2B
k2+µ22
+
β3
k2
, (43)
and
G˜1(k) =
β1G
k2+µ21
+
β2G
k2+µ22
,
R˜1(k) =
β1R
k2+µ21
+
β2R
k2+µ22
, (44)
with the coefficients
β1A(B) ≡
(α1A(B)/α4)µ21 −α2A(B)/α4+(α3/α4)µ−21
µ21 −µ22
,
β2A(B) ≡ −
(α1A(B)/α4)µ22 −α2A(B)/α4+(α3/α4)µ−22
µ21 −µ22
,
β3 ≡ (α3/α4)µ−21 µ−22 ,
β1G(R) ≡
(α1G(R)/α4)µ21 −α2G(R)/α4
µ21 −µ22
,
β2G(R) ≡ −
(α1G(R)/α4)µ22 −α2G(R)/α4
µ21 −µ22
. (45)
The terms of the form of 1/k2 and 1/(k2 + µ2) in (43)
and (44) correspond to the Newtonian and Yukawa poten-
tials, respectively. Therefore, in the position space we obtain
A1(r) =
√
pi
2
1
r
[β3+β1A exp(−µ1r)+β2A exp(−µ2r)] ,
(46)
6B1(r) =
√
pi
2
1
r
[β3+β1B exp(−µ1r)+β2B exp(−µ2r)] ,
(47)
G1(r) =
√
pi
2
1
r
[β1G exp(−µ1r)+β2G exp(−µ2r)] , (48)
R1(r) =
√
pi
2
1
r
[β1R exp(−µ1r)+β2R exp(−µ2r)] , (49)
consistent with the zero boundary condition for |r| →∞. Pa-
rameters µ−11,2 define the characteristic ranges of the Yukawa
interaction. For the polynomial (42), we get
µ21,2 =
1
2
α5
α4
±
√
α25 −4α4α6
α4
 , (50)
which, upon substitution of the explicit expressions in (38),
reads
µ1,2 =
1√
5
1
a
[
−a2 f
′(R0)
f ′′(R0)
− (1+3ω0+3ω1)
ω0
∓ 1
f ′′(R0)ω0
×[a4 f ′2(R0)ω20 +a2 f ′(R0) f ′′(R0)(−3+ω0−4ω1)ω0
+ f ′′2(R0)
×
(
19ω20 +2ω0(−2+9ω1)+(1+3ω1)2
)]1/2]1/2
. (51)
In the limiting case r→ ∞, A1 and B1 take on the same
value
A1(r→ ∞) = B1(r→ ∞) =
√
pi
2
1
r
β3
=
√
pi
2
1
r
α3
α6
≡−
√
pi
2
1
r
κ ′ν =− 2
c2
1
4pi
SDG˜D
Vint
m
r
ν , (52)
where
ν ≡ 2 f
′(R0)a2 [Ω(1+ω0)−ω1]+4 f ′′(R0)ω0
f ′(R0) [2 f ′′(R0)(ω0−1)−a2 f ′(R0)(1+ω0+2ω1)] .
(53)
It is well known (see, e.g., [22]) that the metric co-
efficient A1 defines the gravitational potential and from
Eq. (52), we see that it tends to the Newtonian potential in
the corresponding limit r→∞. With this regard, demanding
A1(r→∞) = 2ϕN/c2 for ϕN =−GNm/r, we deduce the re-
lation between the multidimensional gravitational constant
G˜D and the Newtonian gravitational constant GN in the form
SDG˜D
Vint
ν = 4piGN . (54)
For ω0 = ω¯0 =−1, the expression (53) for ν is significantly
simplified to yield
SDG˜D
Vint
1
f ′(R0)
= 4piGN , (55)
which clearly demands the positiveness of f ′(R0).
Example: f (R) = R+ξR2
In order to obtain specific estimates, it is necessary to deter-
mine the form of the function f (R) and to this end, we con-
sider the popular quadratic model f (R) = R+ξR2. Herein,
imposing the condition f ′′(R0) 6= 0 immediately results in
ξ 6= 0. Requiring f ′(R0)> 0 as well, we obtain the inequal-
ity a2 > 4ξ , which is satisfied for all negative values of ξ .
For such choice, the Yukawa parameters µ1,2 (51) read
µ1,2 =
1√
10
1
a
[
−a
2
ξ
− 2(1+ω0+3ω1)
ω0
∓ 1
ξω0
[
a4ω20 −2a2ξ (3+3ω0+4ω1)ω0
+ 4ξ 2
(
21ω20 +ω0(2+26ω1)+(1+3ω1)
2
)]1/2]1/2
,
(56)
and for ν (53), we get
ν =−2a
2
{
4ξ [ω0 +ω1−Ω(1+ω0)]+a2[−ω1 +Ω(1+ω0)]
}
(a2−4ξ ) [a2(1+ω0 +2ω1)−8ξ (ω0 +ω1)] .
(57)
From Eq. (56), we see that the Yukawa parameters µ1,2 are
not related to the gravexciton/radion mass
mrad ∼ 1/a , (58)
and to the scalaron mass [23]
mscal =
1√
5
(
−2 f
′(R0)
f ′′(R0)
+R0
)1/2
=
1√
5|ξ |
(
2|ξ |
a2
− |ξ |
ξ
)1/2
(59)
by simple expressions. Nevertheless, if |ξ | ∼ a2, all masses
are of the order of 1/a: mscal ∼mrad ∼ µ1,2 ∼ 1/a (up to the
natural assumption ω0,ω1 ∼ O(1)), so it appears interest-
ing to consider a number of limiting cases to further explore
such possible connections.
First, we study the case |ξ |  a2. It can easily be seen
that in this limit, the scalaron mass mscal ∼ 1/a (for any sign
of ξ ) is similar to the radion mass mrad. Moreover, the pa-
rameters µ1,2 read
µ1,2 ≈ 1√
5
1
a
[
− (1+ω0+3ω1)
ω0
∓|ξ |
ξ
1
ω0
[
21ω20 +(2+26ω1)ω0+(1+3ω1)
2]1/2]1/2 .
(60)
7As we adopt the natural assumption ω0,ω1 ∼O(1), it is pos-
sible to see that both parameters µ1,2 as well as the scalaron
and radion masses are defined by the radius a of the sphere:
µ1,2 ∼ mscal ∼ mrad ∼ 1a . (61)
Obviously, for r a, the exponential terms in (46) and (47)
can be dropped and for the parameter ν (57), we find
ν =
a2 [Ω(1+ω0)−ω0−ω1]
4ξ (ω0+ω1)
. (62)
Choosing ω0 = ω¯0 =−1, the above expression implies
−SDG˜D
Vint
a2
4ξ
= 4piGN , ξ < 0 , (63)
which indeed corresponds to (55) since R0 = −2/a2 and
again, |ξ |  a2. Keeping in mind that Vint = 4pia2, we real-
ize that in this limit and for the particular case of ω0 = −1,
the relation between gravitational constants becomes inde-
pendent of the internal space radius a (up to some O(a2)
correction term).
Now, we consider the reverse limiting case |ξ |  a2.
For the scalaron mass, we have mscal ∼ (−1/ξ )1/2, which
is valid for negative values of ξ . For the parameters µ1,2 we
obtain
µ1,2 ≈ 1√
10
1
a
×
[
−a
2
ξ
∓ |ω0|
ω0
a2
ξ
(
1− ξ
a2
3+3ω0+4ω1
ω0
)]1/2
,
(64)
which, for ω0 < 0, are reduced to the following:
µ1 ≈ 1√
10
1
a
(
−3+3ω0+4ω1
ω0
)1/2
∼ 1
a
∼ mrad , (65)
µ2 ≈ 1√
5
1
a
(
−a
2
ξ
)1/2
=
1√
5|ξ | ≈ mscal . (66)
As for the important particular valueω0 =−1, the inequality
3+3ω0+4ω1 > 0 following from (65) leads to the condition
ω1 > 0, similar to what has been obtained in [31, 32, 34]. On
the other hand, Eq. (66) requires ξ < 0. Since a√|ξ |,
µ1 µ2 and in Eqs. (46)-(49) we may drop the exponential
functions with µ2. Consequently, given the solutions with
a single Yukawa potential, we can apply the results of the
inverse square law experiments [41] to get restrictions on
the parameters of the model, similar to the ones we obtain at
the very end of section 4. For example, if β1A/κ ′,ω1∼O(1),
then a. 10−3cm [41] and µ1 & 10−2eV. This is, of course, a
very rough estimate since the value of β1A strongly depends
on ξ and a.
Let us now turn to the limit a→ ∞. The limiting values
of the Yukawa parameters are found to be
µ1 = 0 , µ2 =
√
−1
5ξ
= mscal , (67)
and accordingly, the metric coefficients A1(r) and B1(r)
have the forms
A1(r) =
√
pi
2
1
r
κ ′
[
−2Ω +3
2
+
(2Ω −1)
10
exp(−µ2r)
]
,
(68)
B1(r) =
√
pi
2
1
r
κ ′
[
2Ω −1
2
+
(1−2Ω)
10
exp(−µ2r)
]
.
(69)
As for the remaining corrections, we first renormalize G1(r)
in the perturbed metric (11) and replace it by the term
a2G1(r). Then, the newly defined function in the limit a→∞
reads
G1(r) =
√
pi
2
1
r
κ ′
[
−1+2Ω
2
+
1−2Ω
10
exp(−µ2r)
]
. (70)
Finally, the perturbed scalar curvature follows as
R1(r) =
√
pi
2
1
r
κ ′
[
(1−2Ω)
10ξ
exp(−µ2r)
]
. (71)
Expressions (68)-(71) exactly coincide with the formulas in
paper [24] (for D = 5 and up to the evident substitution
Ω → 2Ω ) devoted to nonlinear models with toroidal com-
pactification of the internal space.
From (68) and (69), the condition A1(r → ∞) =
B1(r→ ∞) requires Ω = −1/2, which is the EoS for black
strings, and one consequently obtains
ν = 1 ,
SDG˜D
Vint
= 4piGN . (72)
3.2 Equal roots: µ1 = µ2 ≡ µ > 0
In the case µ1 = µ2 ≡ µ , Eqs. (43) and (44) can be rewritten
as
A˜1(k) =
γ1A
k2+µ2
+
γ2A
(k2+µ2)2
+
γ3
k2
,
B˜1(k) =
γ1B
k2+µ2
+
γ2B
(k2+µ2)2
+
γ3
k2
, (73)
and
G˜1(k) =
γ1G
k2+µ2
+
γ2G
(k2+µ2)2
,
R˜1(k) =
γ1R
k2+µ2
+
γ2R
(k2+µ2)2
, (74)
8where we have introduced the coefficients
γ1A(B) ≡
α1A(B)µ4−α3
α4µ4
,
γ2A(B) ≡
α2A(B)µ2−α1A(B)µ4−α3
α4µ2
,
γ3 ≡ α3α4µ4 ,
γ1G(R) ≡
α1G(R)
α4
,
γ2G(R) ≡
α2G(R)−α1G(R)µ2
α4
. (75)
The explicit expression for the root now reads
µ =
√
α5
2α4
=
√
−1
5
(
f ′(R0)
f ′′(R0)
+
(1+3ω0+3ω1)
a2ω0
)
. (76)
In contrast with Eqs. (43) and (44), where the Newtonian
and Yukawa potentials are the only contributions to the met-
ric coefficients, the term 1/(k2 +µ2)2 in (73) and (74) pro-
vides new contribution in the form of a pure exponential po-
tential. Therefore, in position space we get
A1(r) =
√
pi
2
1
r
[
γ3+
(
γ1A+
r
2µ
γ2A
)
exp(−µr)
]
, (77)
B1(r) =
√
pi
2
1
r
[
γ3+
(
γ1B+
r
2µ
γ2B
)
exp(−µr)
]
, (78)
G1(r) =
√
pi
2
1
r
(
γ1G+
r
2µ
γ2G
)
exp(−µr) , (79)
R1(r) =
√
pi
2
1
r
(
γ1R+
r
2µ
γ2R
)
exp(−µr) . (80)
Taking into account (76), we can easily see that γ3 =
α3/(α4µ4) = α3/α6 = β3. Thus, for the limiting case
r→ ∞, we drop the exponential terms in the above set and
reproduce Eqs. (52)-(55) to conclude that the correspond-
ing physical interpretations therein hold valid also for the
model with equal roots. For finite r, the Yukawa potential
receives a “corrupted” prefactor presented as a combination
of the 1/r term and a second term independent of the three-
dimensional distance r.
Example: f (R) = R+ξR2
Substituting f (R) = R+ξR2 in (76), we obtain
µ =
1√|ξ |
(
−|ξ |
a2
1+ω0+3ω1
5ω0
− 1
10
|ξ |
ξ
)1/2
. (81)
Following the reasoning in the previous subsection, we
again consider two limiting cases |ξ |  a2 and |ξ |  a2,
respectively. As we have already seen, for |ξ |  a2, the
scalaron mass becomes inversely proportional to the inter-
nal space radius: mscal ∼ 1/a. In this limit, the parameter µ
reads
µ ≈ 1
a
(
1+ω0+3ω1
−5ω0
)1/2
∼ mscal ∼ mrad ∼ 1a , (82)
and all characteristic masses appear to be defined by the
radius of the sphere. Clearly, the argument of the square
root must be positive. For example, in the important case
ω0 = ω¯0 = −1, the EoS parameter ω1 should be positive
analogous to the conclusion following from equation (65).
In the limit |ξ |  a2 the scalaron mass mscal ∼
1/
√|ξ |, ξ < 0. For the parameter µ , we obtain
µ ≈
√
1
10|ξ | ∼ mscal , (83)
and deduce that it is proportional to the scalaron mass.
4 The case f ′′(R0) = 0,ω0 6= 0
In this section, we consider the case of a zero value of
the second derivative f ′′(R0) = 0. Nevertheless, we demand
that the first derivative is still non-vanishing: f ′(R0) 6= 0. A
particular example of such case is the linear model where
f (R) = R+ 2κΛ6. In what follows, the EoS parameters ω0
and ω1 are not equal to the background values ω¯0 and ω¯1
in general and we assume the additional inequality ω0 6= 0.
Then, as it follows from Eqs. (37), (38), (40), and (41), co-
efficients α1A = α1B = α4 = α1G = 0. For the metric coeffi-
cients (36) and (39), we get
A˜1(k) =
(α2A/α5)k2+(α3/α5)
k2 [k2+(α6/α5)]
,
B˜1(k) =
(α2B/α5)k2+(α3/α5)
k2 [k2+(α6/α5)]
, (84)
and
G˜1(k) =
(α2G/α5)
k2+(α6/α5)
,
R˜1(k) =
(α1R/α5)k2+(α2R/α5)
k2+(α6/α5)
. (85)
It is also possible to re-express the above solutions in the
form of (43) and (44). For example,
A˜1(k) =
(α2A/α5)− (α3/α5)µ−2
k2+µ2
+
(α3/α5)µ−2
k2
, (86)
R˜1(k) =
α1R
α5
+
(α2R/α5)−µ2(α1R/α5)
k2+µ2
, (87)
where µ2 ≡ α6/α5. Choosing µ > 0, the solutions in the
position space read
A1(r) =
√
pi
2
1
r
[
α3
α6
+
(
α2A
α5
− α3
α6
)
exp(−µr)
]
, (88)
9B1(r) =
√
pi
2
1
r
[
α3
α6
+
(
α2B
α5
− α3
α6
)
exp(−µr)
]
, (89)
G1(r) =
√
pi
2
1
r
[(
α2G
α5
)
exp(−µr)
]
, (90)
R1(r) = (2pi)3/2δ (r)
α1R
α5
+
√
pi
2
1
r
[(
α2R
α5
− α1R
α5
· α6
α5
)
exp(−µr)
]
.
(91)
The first term on the right-hand side (RHS) of (91) follows
from the constant α1R/α5 in (87).
To analyze these expressions, we need to define the first
derivative f ′(R0). For this purpose, we consider the signifi-
cant case of f ′(R0) = 1, which yields
A1(r) =
√
pi
2
1
r
κ ′
{
2 [Ω(1+ω0)−ω1]
(1+ω0+2ω1)
−
[
3+2Ω
2
+
2 [Ω(1+ω0)−ω1]
(1+ω0+2ω1)
]
×exp
−√−1
2
(1+ω0+2ω1)
ω0
r
a
 , (92)
B1(r) =
√
pi
2
1
r
κ ′
{
2 [Ω(1+ω0)−ω1]
(1+ω0+2ω1)
−
[
1−2Ω
2
+
2 [Ω(1+ω0)−ω1]
(1+ω0+2ω1)
]
×exp
−√−1
2
(1+ω0+2ω1)
ω0
r
a
 , (93)
G1(r) = −
√
pi
2
1
r
κ ′a2
(
1
2
+Ω
)
×exp
−√−1
2
(1+ω0+2ω1)
ω0
r
a
 , (94)
R1(r) = −κ ′(2pi)3/2δ (r)
(
1
2
−Ω
)
+
√
pi
2
1
r
κ ′
[
(2ω1+3ω0−1)(1+2Ω)
4a2ω0
×exp
−√−1
2
(1+ω0+2ω1)
ω0
r
a
 . (95)
It can be verified that these metric coefficients satisfy
Eqs. (25) and (31)-(33).
For the specific linear model f (R) = R+2κΛ6 with lin-
ear background perfect fluid ω0 = ω¯0 =−1 and ω1 = ω¯1 =
Λ6/[1/(κa2)−Λ6] (see Eqs. (7)-(9)), the metric coefficients
(92)-(95) exactly coincide with the solutions obtained in pa-
per [31] (for Ω = 0) and in papers [32, 33] (for arbitrary Ω ).
Therefore, solutions (92)-(95) indeed generalize the conclu-
sions of these papers to the case of nonlinear background
perfect fluid with arbitrary ω0 6= 0 and ω1. Now, let us in-
vestigate this general case in more detail.
As it follows from Eqs. (92) and (93), in the limiting
case r→ ∞, both A1 and B1 go to the Newtonian poten-
tial: A1(r→ ∞) = B1(r→ ∞) = 2ϕN/c2 = −2GNm/(c2r).
The Newtonian gravitational constant GN is again connected
with the multidimensional gravitational constant G˜D by the
formula (54), but this time for
ν =−2 [Ω(1+ω0)−ω1]
(1+ω0+2ω1)
. (96)
It can be easily seen that the relation ν = 1 is satisfied either
for arbitrary Ω together with ω0 = −1, or for Ω = −1/2
and some arbitrary ω0. In the former case, our model repro-
duces asymptotic black branes presented in [32]. Eqs. (94)
and (95) demonstrate that in the limit r→ ∞ the metric coef-
ficient G1(r) vanishes asymptotically to imply δε → 0 and
the scalar curvature correction R1(r) becomes
R1(r)→ (2Ω −1)c2 ∆3ϕN . (97)
On the other hand, for the black brane value Ω =−1/2 and
arbitrary ω0 6= 0, owing to the identically vanishing Yukawa
corrections, our solutions immediately read
A1(r) = B1(r) = 2
ϕN
c2
, (98)
R1(r) =− 2c2∆3ϕN , (99)
with G1(r) = 0.
It is worth noting that since the square root argument in
Eqs. (92)-(95) must be nonnegative, we need to impose the
condition
(1+ω0+2ω1)
ω0
< 0 , (100)
which may be satisfied either for ω0 < 0 with
1+ω0+2ω1 > 0, or for ω0 > 0 with 1+ω0+2ω1 < 0. The
former combination agrees with the above discussed case
where we have set ω0 =−1 and additionally, introduces the
constraint ω1 > 0 which is the necessary condition for the
internal space stabilization [31, 32, 34].
Eq. (92) shows that in the case of arbitrary Ω 6= −1/2,
the gravitational potential acquires a Yukawa correction
term. As the inverse square law experiments [41] put re-
strictions on the parameters of such corrections, following
the reasoning in [32], we may actually obtain an upper limit
on the size of the extra dimensions here. For example, if
ω0 =−1 and for the natural assumption |Ω |, ω1 ∼O(1), the
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maximal value of the internal space radius amax ∼ 10−3cm
[41]. Given that the radius of the Sun r ∼ 7×1010cm, we
can drop the Yukawa correction terms in such models while
studying the gravitational effects (the deflection of light and
time delay of radar echoes) with very high accuracy.
5 The case ω0 = 0
We are now interested in the case ω0 = 0. Since ω0 6= ω¯0 =
−1, the background perfect fluid is nonlinear. According to
Eq. (18), a zero value of ω0 results in δ p0 = 0. The steps
through (19)-(28) for this special case show that
0 =− f ′(R0)G
1
a4
, (101)
which, for f ′(R0) 6= 0, implies
G1 = 0 . (102)
Therefore, Eqs. (25), (26), (19), (21), and (28) read
1
2
f ′(R0)
(−A1+B1)− f ′′(R0)R1 = 0 , (103)
f ′(R0)
2
(
∆3B1+R1
)
+(∆3R1) f ′′(R0) = 0 , (104)
f ′(R0)
2
(
∆3A1−R1
)− (∆3R1) f ′′(R0) = κ (δε+ ρˆc2) ,
(105)
f ′(R0)R1 + f ′′(R0)
2R1
a2
+2(∆3R1) f ′′(R0)
= 2κ
(
δ p1+Ωρˆc2
)
, (106)
−2 f ′(R0)R1+ f ′′(R0)
(
− 2
a2
R1−5∆3R1
)
= κ
[
δε−2δ p1+ ρˆc2(1−2Ω)
]
, (107)
respectively.
5.1 f ′′(R0) 6= 0
We now demand that f ′′(R0) 6= 0 and hence, exclude the
linear model f (R) = R+ 2κΛ6. Combining Eqs. (106) and
(107), it is possible to obtain an expression for R1, that is
R1 = 2κa2
[
δε(1+3ω1)+ ρˆc2(1+3Ω)
6 f ′′(R0)+a2 f ′(R0)
]
. (108)
Similarly, for ∆3R1, the same set yields
∆3R1
κ
= − 2 f
′′(R0)(δε+ ρˆc2)
f ′′(R0)[6 f ′′(R0)+a2 f ′(R0)]
−a
2 f ′(R0)
[
δε(1+2ω1)+ ρˆc2(1+2Ω)
]
f ′′(R0)[6 f ′′(R0)+a2 f ′(R0)]
. (109)
For further calculations, we assume a relation between
δε and ρˆc2 in the form
δε = ζ ρˆc2 , (110)
which is the fine tuning condition. The parameter ζ here is
to be specified in the later steps. Substituting (108) and (109)
into Eqs. (104) and (105), we obtain
∆3A1(r) = 2κρˆc2
×
[
4 f ′′(R0)(1+ζ )+a2 f ′(R0) [1+Ω +ζ (1+ω1)]
f ′(R0) [6 f ′′(R0)+a2 f ′(R0)]
]
,
(111)
and
∆3B1(r) = 2κρˆc2
×
[
2 f ′′(R0)(1+ζ )−a2 f ′(R0)(Ω +ζω1)
f ′(R0)[6 f ′′(R0)+a2 f ′(R0)]
]
.
(112)
The overall factor 2κρˆc2 on the RHS of the above equations
entails a delta-shaped function, therefore, one may imme-
diately deduce that solutions A1(r) and B1(r) will both be
proportional to 1/r. Since we will eventually demand that
A1(r→ ∞) = B1(r→ ∞), it turns out useful to set (111) and
(112) equal to each other from the very beginning. This re-
quires
ζ =− 2 f
′′(R0)+a2 f ′(R0)(1+2Ω)
2 f ′′(R0)+a2 f ′(R0)(1+2ω1)
, (113)
hence, R1 in (108) reads
R1 = 2κa2
[
ρˆc2(Ω −ω1)
2 f ′′(R0)+a2 f ′(R0)(1+2ω1)
]
. (114)
In order to get the PPN parameter γ = B1/A1 = 1 as in Gen-
eral Relativity (which is in very good agreement with the
gravitational tests in the Solar system), from Eq. (103), we
need to impose R1 = 0. For vanishing R1, Eqs. (113) and
(114) imply
Ω = ω1 , ζ =−1 . (115)
In return, (111) and (112) take on the form
∆3A1(r) = ∆3B1(r) = 0 , (116)
with the trivial solution
A1 = B1 = 0 , (117)
taking into account the boundary condition A1(r→ ∞) =
B1(r→ ∞) = 0. The physical reason for this trivial solu-
tion is that the matter sources δε and ρˆc2 on the RHS of
Eqs. (105)-(107) mutually cancel: δε+ ρˆc2 = 0.
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5.2 f ′′(R0) = 0
The linear model f (R)=R+2κΛ6 is a particular example of
the case where f ′′(R0) = 0. Combined with the fine tuning
condition (110), from (106) and (113), we get
R1 = 2κρˆc2
(
Ω +ζω1
f ′(R0)
)
, (118)
and
ζ =− 1+2Ω
1+2ω1
. (119)
For this value of ζ , Eq. (107) is reduced to Eq. (106). In the
caseΩ = 0, we obtain the relation ζ =−1/(1+2ω1), which
exactly reproduces the corresponding results in paper [38].
On the other hand, for black branes, i.e., for Ω =−1/2, we
find ζ = 0 that leads to δε = 0. For arbitrary Ω , Eq. (103)
demonstrates that the relation A1 = B1 is satisfied automati-
cally. As it follows from Eqs. (104) and (105), both of these
corrections satisfy the equations
∆3A1(r) = ∆3B1(r) = κρˆc2ν , (120)
with solutions
A1(r) = B1(r) =− 2
c2
1
4pi
SDG˜D
Vint
m
r
ν , (121)
where
ν ≡ 2(ω1−Ω)
f ′(R0)(1+2ω1)
. (122)
The condition A1 = B1 = 2ϕN/c2 =−2GNm/(c2r) now im-
poses
SDG˜D
Vint
ν = 4piGN . (123)
For f ′(R0) = 1, we see that black branes EoS Ω = −1/2
restores the conventional relation SDG˜D/Vint = 4piGN . Ob-
viously, the relation A1(r) = B1(r) in (121) guarantees that
the PPN parameter γ = B1(r)/A1(r) = 1 and exactly coin-
cides with the value for γ in General Relativity.
6 Conclusion
In the present paper we have studied multidimensional non-
linear f (R) models with spherical compactification of the
internal space. The background space-time is endowed with
perfect fluid which makes the internal space compact and
curved in the form of a two-dimensional sphere of radius a.
Similar to the linear case [31–35], this fluid has the vacuum-
like EoS parameter ω¯0 =−1 in the external space. In the in-
ternal space, the EoS parameter ω¯1 depends on the form of
f (R). Then, we have perturbed this background by a mas-
sive gravitating source which is pressureless in the external
space but has an arbitrary EoS parameter Ω in the internal
space. We have considered a nonlinear perfect fluid, i.e., we
have assumed that the parameters ω0 = δ p0/δε 6= ω¯0 and
ω1 = δ p1/δε 6= ω¯1, where δ p0 (δ p1) denotes the fluctu-
ation of the perfect fluid pressure in the external (internal)
space and δε is the fluctuation in the corresponding energy
density.
Then we have obtained the linearized Einstein equations
for the perturbed metric coefficients. We have shown that all
Einstein equations are reduced to the system of four mas-
ter equations (25) and (31)-(33). Despite the rather complex
form of these equations, we have found the exact solutions
in the general case f ′′(R0) 6= 0, where R0 is the scalar curva-
ture of the background space-time and prime denotes differ-
entiation with respect to the scalar curvature R. It was then
revealed that the solutions are valid only for the case ω0 6= 0.
As is well known, a characteristic feature of nonlinear f (R)
models is the presence of the scalar degree of freedom,
dubbed the scalaron. On the other hand, multidimensional
models also have a scalar degree of freedom - the gravex-
citon/radion - due to the fluctuations of the internal space
volume. Here, we have shown that the perturbed metric co-
efficients acquire correction terms in the form of the sum
of two Yukawa potentials with Yukawa masses µ1 and µ2
(51). We have demonstrated that masses µ1,2 have a rather
complex form which cannot be related to the mass mscal of
scalaron and mrad of gravexciton/radion by simple expres-
sions. Nevertheless, for the concrete model f (R) = R+ξR2,
we were able to trace the relationship in a number of limiting
cases. For example, when |ξ | ∼ a2, all masses appear to be
of the same order of magnitude: µ1,µ2,mscal,mrad ∼ 1/a. A
similar situation takes place for |ξ |  a2. For |ξ |  a2, we
get µ1 ∼ mrad and µ2 ∼ mscal. Another limiting case a→ ∞
corresponds to µ1 = 0, µ2 =mscal and all the derived expres-
sions for the metric coefficients exactly coincide with the
formulas in paper [24], devoted to nonlinear models with
toroidal compactification of the internal space. It has been
demonstrated that the black string EoS Ω = −1/2 ensures
the fulfilment of the condition A1(r→ ∞) = B1(r→ ∞).
In the degenerated case with a single Yukawa mass,
µ1 = µ2 = µ , metric coefficients no longer have the pre-
viously obtained form of combined Yukawa potentials. In-
stead, we have shown that the solutions have the form of
a single Yukawa potential with a “corrupted” prefactor (in
front of the exponential function) which, in addition to the
standard 1/r term, contains a contribution independent of
the three-dimensional distance r.
We have also investigated the class of models with
f ′′(R0) = 0 (to which the specific linear model f (R) =
R+2κΛ6 belongs) with nonlinear background perfect fluid
for the condition ω0 6= 0. The linear gravity models with
spherical compactification involving linear background per-
fect fluid were investigated previously in [31–33]. In this
work, we have generalized these models to the case of an
arbitrary nonlinear background perfect fluid. In agreement
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with the conclusions of previous papers, it has been shown
that there are two possible situations in which the gravita-
tional tests in the Solar system (the deflection of light, time
delay of radar echoes and perihelion shift) are satisfied and
the corresponding constraints on the PPN parameter γ are
met. First, it takes place for a sufficiently large value of
the gravexciton/radion mass mrad ∼ 1/a, for which one may
drop the Yukawa correction term in the metric coefficients.
In this case, the EoS parameter Ω (that defines the pres-
sure of the gravitating source in the internal space) can be
arbitrary. Second, for the case Ω = −1/2 [20, 21, 30], the
Yukawa correction terms vanish automatically and arbitrary
values of the mass mrad are allowed.
Finally, we have considered the case of zero speed of
sound for the nonlinear perfect fluid in the external space:
ω0 = 0. In the nonlinear gravity model with f ′′(R0) 6= 0, the
condition γ = 1 for the PPN parameter γ led to the trivial so-
lution (117) due to mutual cancellation of the matter sources
on the RHS of the linearized Einstein equations (105)-(107):
δε + ρˆc2 = 0. In the case f ′′(R0) = 0, we have shown that
the condition γ = 1 is automatically satisfied for arbitrary
values of the EoS parameter Ω . Yet, it is important to stress
that only for the black branes/strings with Ω = −1/2 one
may ensure the absence of fluctuations in the background
perfect fluid energy density, i.e. δε = 0, which indeed trans-
lates into the absence of nonphysical coat around the gravi-
tating mass [42].
The validity of our solutions is limited at two oppo-
site scales. First, we consider the weak field limit in which
the gravitational field is weak and peculiar velocities of test
masses are much less than the speed of light. Consequently,
the results cease to hold in the vicinity of such relativistic as-
trophysical objects as black holes and neutron stars. Second,
our approach is violated on scales where the cosmological
expansion must be taken into account. The range of valid-
ity, in this case, depends on the masses of the astrophysical
objects. For example, for a typical galaxy of a mass of the
Milky Way, it corresponds to an order of 1 Mpc [43, 44]. In
the four-dimensional case, an approach that allows to con-
sider gravitational interaction on all scales (from astrophys-
ical to cosmological ones) was proposed in paper [45].
Appendix: Perturbed Ricci tensor
In this appendix we present the nonzero components of the
Ricci tensor corresponding to the metric (11). Obviously,
the off-diagonal components R0i (i= 1,2,3,4,5) vanish for
static metrics. Using the results of the paper [31], we can
easily find that the R5i components for i = 1,2,3,4 and R4i
components for i= 1,2,3 are also equal to zero. For the di-
agonal components we have
R00 =
1
2
∆3A1 = R
(1)
00 ,
Rii =
1
2
∆3B1+
1
2
[
−A1+B1+2G
1
a2
]
xixi
= R(1)ii ,
i = 1,2,3 ,
R44 = 1+
1
2
∆3G1 = 1+R
(1)
44 ,
R55 =
(
1+
1
2
∆3G1
)
sin2 ξ = sin2 ξ +R(1)55 , (A.1)
where ∆3 = ∂ 2/∂x2 + ∂ 2/∂y2 + ∂ 2/∂ z2 is the three-
dimensional Laplace operator. The remaining off-diagonal
components are
R12 =
1
2
[
−A1+B1+2G
1
a2
]
xy
= R(1)12 ,
R13 =
1
2
[
−A1+B1+2G
1
a2
]
xz
= R(1)13 ,
R23 =
1
2
[
−A1+B1+2G
1
a2
]
yz
= R(1)23 . (A.2)
The scalar curvature perturbation is a function of the ex-
ternal coordinates only: R1 = R1(x,y,z). The only non-zero
derivatives are
(R1);i;k ≈ ∂
2R1
∂xi∂xk
for i,k = 1,2,3 . (A.3)
Then,
(R1);m;ng(0)mn =−∆3R1 . (A.4)
References
1. T.P. Sotiriou, V. Faraoni, f (R) Theories of Gravity. Rev.
Mod. Phys. 82, 451–497 (2010). arXiv:0805.1726
[gr-qc]
2. A. De Felice, S. Tsujikawa, f (R) theories. LRR 13, 3
(2010). arXiv:1002.4928 [gr-qc]
3. S. Capozziello, M. De Laurentis, Extended Theo-
ries of Gravity. Phys. Rept. 509, 167–321 (2011).
arXiv:1108.6266 [gr-qc]
4. S. Nojiri, S.D. Odintsov, Unified cosmic history in
modified gravity: from F(R) theory to Lorentz non-
invariant models. Phys. Rept. 505, 59–144 (2011).
arXiv:1011.0544 [gr-qc]
5. T. Clifton, P.G. Ferreira, A. Padilla, C. Skordis, Mod-
ified gravity and cosmology. Phys. Rept. 513, 1–189
(2012). arXiv:1106.2476 [astro-ph.CO]
6. S. Nojiri, S.D. Odintsov, V.K. Oikonomou, Modified
gravity theories on a nutshell: Inflation, bounce and
late-time evolution. Phys. Rep. 692, 1–104 (2017).
arXiv:1705.11098 [gr-qc]
13
7. D. Bailin, A. Love, Kaluza-Klein theories. Rep. Prog.
Phys. 50, 1087–1170 (1987)
8. J.M. Overduin, P.S. Wesson, Kaluza-Klein
Gravity. Phys. Rept. 283, 303–380 (1997).
arXiv:gr-qc/9805018
9. J. Polchinski, String Theory, vol. 2 (Cambridge Univer-
sity Press, 1998)
10. P.S. Wesson, Space-Time-Matter (World Scientific, Sin-
gapore, 1999)
11. R. Maartens, K. Koyama, Brane-World Gravity. Liv-
ing Rev. Relativity 13, 5 (2010). arXiv:1004.3962
[hep-th]
12. U. Günther, P. Moniz, A. Zhuk, Asymptotical AdS
space from nonlinear gravitational models with stabi-
lized extra dimensions. Phys. Rev. D 66, 044014 (2002).
arXiv:hep-th/0205148
13. U. Günther, P. Moniz, A. Zhuk, Nonlinear multidi-
mensional cosmological models with form fields: Sta-
bilization of extra dimensions and the cosmological
constant problem. Phys. Rev. D 68, 044010 (2003).
arXiv:hep-th/0303023
14. T. Saidov, A. Zhuk, AdS non-linear curvature-
squared and curvature-quartic multidimensional
(D= 8) gravitational models with stabilized extra
dimensions. Grav. Cosmol. 12, 253–261 (2006).
arXiv:hep-th/0604131
15. T. Saidov, A. Zhuk, 1/R multidimensional gravity with
form-fields: stabilization of extra dimensions, cosmic
acceleration and domain walls. Phys. Rev. D 75, 084037
(2007). arXiv:hep-th/0612217
16. T. Saidov, A. Zhuk, On the problem of inflation
in nonlinear multidimensional cosmological models.
Phys. Rev. D 79, 024025 (2009). arXiv:0809.5226
[hep-th]
17. T. Saidov, A. Zhuk, Bouncing inflation in nonlinear
R2 +R4 gravitational model. Phys. Rev. D 81, 124002
(2010). arXiv:1002.4138 [hep-th]
18. H. Nakada, S.V. Ketov, Inflation from higher di-
mensions. Phys. Rev. D 96, 123530 (2017).
arXiv:1710.02259 [hep-th]
19. M. Eingorn, A. Zhuk, Classical tests of multidimen-
sional gravity: negative result. Class. Quantum Grav.
27, 205014 (2010). arXiv:1003.5690 [gr-qc]
20. M. Eingorn, A. Zhuk, Kaluza-Klein models: can we
construct a viable example? Phys. Rev. D 83, 044005
(2011). arXiv:1010.5740 [gr-qc]
21. M. Eingorn, O. de Medeiros, L. Crispino, A. Zhuk,
Latent solitons, black strings, black branes, and equa-
tions of state in Kaluza-Klein models. Phys. Rev. D 84,
024031 (2011). arXiv:1101.3910 [gr-qc]
22. L.D. Landau, E.M. Lifshitz, The Classical Theory of
Fields, Course of Theoretical Physics, Vol. 2, (Oxford
Pergamon Press, Oxford, 2000)
23. M. Eingorn, A. Zhuk, Weak-field limit of f (R)-gravity
in three and more spatial dimensions. Phys. Rev. D 84,
024023 (2011). arXiv:1104.1456 [gr-qc]
24. M. Eingorn, A. Zhuk, Asymptotic latent solitons, black
strings and black branes in f (R)-gravity. Phys. Rev. D
85, 064030 (2012). arXiv:1112.1539 [gr-qc]
25. A.A. Starobinsky, A new type of isotropic cosmological
models without singularity. Phys. Lett. B 91, 99–102
(1980)
26. V. Müller, H.J. Schmidt, A.A. Starobinsky, The stability
of the de-Sitter spacetime in fourth order gravity. Phys.
Lett. B 202, 198–200 (1988)
27. V. Faraoni, N. Lanahan-Tremblay, Comment on “Solar
System constraints to general f (R) gravity”. Phys. Rev.
D 77, 108501 (2008). arXiv:0712.3252 [gr-qc]
28. V. Faraoni, Scalar field mass in generalized grav-
ity. Class. Quantum Grav. 26, 145014 (2009).
arXiv:0906.1901 [gr-qc]
29. M. Eingorn, J. Novák, A. Zhuk, f (R) gravity: scalar
perturbations in the late Universe. Eur. Phys. J. C 74,
3005 (2014). arXiv:1401.5410 [astro-ph.CO]
30. M. Eingorn, A. Zhuk, Remarks on gravitational inter-
action in KaluzaâA˘S¸Klein models. Phys. Lett. B 713,
154–159 (2012). arXiv:1201.1756 [gr-qc]
31. A. Chopovsky, M. Eingorn, A. Zhuk, Weak-field limit
of Kaluza-Klein models with spherical compactifica-
tion: experimental constraints. Phys. Rev. D 85, 064028
(2012). arXiv:1107.3388 [gr-qc]
32. A. Chopovsky, M. Eingorn, A. Zhuk, Exact and asymp-
totic black branes with spherical compactification.
Phys. Rev. D 86, 024025 (2012). arXiv:1202.2677
[gr-qc]
33. M. Eingorn, S.H. Fakhr, A. Zhuk, Kaluza-Klein mod-
els with spherical compactification: observational con-
straints and possible examples. Class. Quantum Grav.
30, 115004 (2013). arXiv:1209.4501 [gr-qc]
34. A. Chopovsky, M. Eingorn, A. Zhuk, Problematic as-
pects of Kaluza-Klein excitations in multidimensional
models with Einstein internal spaces. Phys. Lett. B 736,
329–332 (2014). arXiv:1402.1340 [gr-qc]
35. Ö. Akarsu, A. Chopovsky, A. Zhuk, Black branes
and black strings in the astrophysical and cosmo-
logical context. Phys. Lett. B 778, 190–196 (2018).
arXiv:1711.08372 [gr-qc]
36. U. Günther, A. Zhuk, Gravitational excitons from ex-
tra dimensions. Phys. Rev. D 56, 6391–6402 (1997).
arXiv:gr-qc/9706050
37. N. Arkani-Hamed, S. Dimopoulos, J. March-Russell,
Stabilization of submillimeter dimensions: the new
guise of the hierarchy problem. Phys. Rev. D 63,
064020 (2001). arXiv:hep-th/9809124
38. E. Yalçınkaya, A. Zhuk, Weak-field limit of a Kaluza-
Klein model with a non-linear perfect fluid. Grav.
14
Cosmol. 25, 349–353 (2019). arXiv:1906.08214
[gr-qc]
39. B. Novosyadlyj, V. Pelykh, Y. Shtanov, A. Zhuk, Dark
Energy: Observational Evidence and Theoretical Mod-
els (Akademperiodyka, 2013)
40. A.A. Starobinsky, Disappearing cosmological con-
stant in f(R) gravity. JETP Lett. 86, 157–163 (2007).
arXiv:0706.2041 [astro-ph]
41. D.J. Kapner, T.S. Cook, E.G. Adelberger, J.H. Gund-
lach, B.R. Heckel, C.D. Hoyle, H.E. Swanson, Tests of
the Gravitational Inverse-Square Law below the Dark-
Energy Length Scale. Phys. Rev. Lett. 98, 021101
(2007). arXiv:hep-ph/0611184
42. M. Eingorn, A. Zhuk, Significance of tension for grav-
itating masses in Kaluza-Klein models. Phys. Lett. B
716, 176–178 (2012). arXiv:1202.4773 [gr-qc]
43. M. Eingorn, A. Zhuk, Hubble flows and gravitational
potentials in observable Universe. JCAP 09, 026 (2012).
arXiv:1205.2384 [astro-ph.CO]
44. M. Eingorn, A. Kudinova, A. Zhuk, Dynamics of
astrophysical objects against the cosmological back-
ground. JCAP 04, 010 (2013). arXiv:1211.4045
[astro-ph.CO]
45. Ö. Akarsu, R. Brilenkov, M. Eingorn, V. Shulga,
A. Zhuk, Scalar perturbations in cosmological f (R)
models: the cosmic screening approach. Eur. Phys. J.
C 78, 609 (2018). arXiv:1806.02669 [gr-qc]
